This is a survey of what is known about Kurosh-Amitsur radical classes which are closed under direct products. Associative rings, groups, abelian groups, abelian -groups and modules are treated. We have attempted to account for all published results relevant to this topic. Many or most of these were not, as published, expressed in radical theoretic terms, but have consequences for radical theory which we point out. A fruitful source of results and examples is the notion of slenderness for abelian groups together with its several variants for other structures.
Introduction
Which radical classes are closed under (direct) products? This is a very natural question, but one for which we have at present nothing remotely like an answer. In particular we know nothing about the sorts of classes that dene product-closed lower radical classes and nothing about the semi-simple classes corresponding to product-closed radical classes. Although product-closure has not been studied systematically in full generality by radical theorists, there is a substantial collection of results in the literature concerned with aspects of it, not all of which come from studies with an overtly radical-theoretic motivation.
Semi-simple radical classes and more generally (in some cases) radical classes which are varieties are product-closed. These were dealt with quite thoroughly in the 70s and 80s of last century and will be barely touched on here. They are covered quite thoroughly in the survey [32] and its references.
For a class X of groups a group is X-perfect if it has no non-trivial homomorphic images in X. (For X the class of abelian groups we get perfect groups in the more familiar sense.) Quite a lot is known about classes X for which the class of X-perfect groups is closed under products. Sometimes the latter are radical classes.
Hereditary product-closed radical classes of modules (T T F -classes) have been extensively studied. (For modules they are the semi-simple radical classes adverted to above.)
In abelian groups there are no non-trivial product-closed hereditary radical classes, but here product-closure has been studied in a context more general than (Kurosh-Amitsur) radical theory: the commutation of subfunctors of the identity with products. Here we nd, among other things, examples of radical classes closed under products of some sizes (e.g. products of countably many abelian groups) but not arbitrary ones. Many results in this area depend on extra set-theoretic axioms, but this has minimal impact on what we deal with.
The classes of (ρ; σ)-regular rings introduced by McKnight and Musser [58] are product closed radical classes.
We shall deal with all the foregoing in some detail. A few new related results and examples will also be presented, including a (negative) result from abelian -groups which provides some contrast with abelian groups.
The notion of an e-variety originated in semigroup theory [44] , [54] , and is adapted easily to regular rings [46] . An e-variety of regular rings is a nonempty class closed under homomorphic images, products and regular subrings (so varieties of strongly regular rings are examples). We'll show that all these classes are radical classes.
The known results involving product-closed radical classes are a disparate lot; a slender thread which connects some of them is the notion of a slender (abelian) group due to o±. This notion was extended to groups by Göbel [41] .
Various radical classes of groups and of abelian groups which are closed under products where the number of factors is non-measurable are upper radical classes dened by classes of slender objects. Using properties of slender abelian groups and a version of slenderness for rings, we get some examples of radical classes of associative rings which are closed under (non-measurable) products. There is also a notion of slenderness for modules, rst considered by Allouch [2] , [3] . Some radical implications of this will also be described.
Two other closure properties for radical classes will be discussed: closure under surjective inverse limits (i.e. limits of inverse systems whose homomorphisms are surjective) and closure under essential extensions. Closure under surjective inverse limits is stronger than product closure. Essential closure is pertinent because of a result of Loi [57] : every essentially closed radical class of associative rings is a variety. Veldsman [77] proved a related result for nearrings and in Section 9 we prove the exact analogue of Loi's result for groups.
In view of the fact that for modules essential closure is quite innocuous, and has no connection with product closure, these results seem a little mysterious and the relationship between essential closure and product closure deserves further exploration. Notation and terminology are mostly standard. For anything unexplained see [38] for radical theory, [23] for abelian groups and [52] for set theory and cardinal numbers. Here are a few things to note.
The lower radical class dened by a class M (the smallest radical class containing M) is denoted by L(M) and the upper radical class dened by M (the largest radical class for which everything in M is semi-simple) is denoted by U (M). The latter may not exist in some settings, e.g. non-associative rings, but it always does for associative rings, groups, abelian groups and modules.
We write L(A), U (A) rather than L({A}), U ({A}) in the case of a class with a unique member. The Jacobson radical class is called J.
We use direct product and product interchangeably. We denote the product of {A λ : λ ∈ Λ} by λ∈Λ A λ and regardless of context call the subobject λ∈Λ A λ consisting of all elements with nite support the direct sum. If |Λ| = ℵ 0 (resp. |Λ| is non-measurable, resp. |Λ| = a for some cardinal number a) we call λ∈Λ A λ a countable product (resp. a non-measurable product, resp. an a-product). If all the A λ are equal to some A, we write
In particular when Λ is countably innite, we write A ω , A (ω) (ω being the set of nite ordinals).
Generalities
If a radical class R contains A λ for all λ ∈ Λ then λ∈Λ A λ ∈ R so by closure under extensions we have Proposition 2.1. A radical class R is closed under products (a-products) if and only if λ∈Λ A λ / λ∈Λ A λ ∈ R whenever A λ ∈ R for all λ ∈ Λ (and |λ| ≤ a).
Thus the nature of structures / has relevance to our problem. Hulanicki's memorable result [48] that for all abelian groups A 1 , A 2 , . . . , A n , . . .
the group
A n / A n is algebraically compact is used to prove that every radical class of abelian groups which is determined as a lower radical class by torsion-free groups is closed under countable products. See Section 3 for further information. The following result is probably well known. 
For each µ ∈ Λ the projection π µ : λ∈Λ A λ → A µ is a surjective homomorphism and we get a surjective homomorphism
The following quite general result provides a sucient condition for failure of product closedness. It plays a part in the papers of Olszewski [64] and Phillips [67] .
be an innite chain of homomorphically closed classes labelled by ordinals so that C α C γ if and only if α < γ. Further suppose that for each limit ordinal β we have C β = α<β C α . If there is a limit ordinal λ such that C λ is the union of all the classes and λ is the smallest such ordinal then C λ is not closed under products. This applies in particular when C λ is a radical class.
Proof. For each α < λ let A α+1 be in C α+1 \C α . Suppose α<λ A α+1 ∈ C λ . Then α<λ A α+1 ∈ C δ for some δ < λ. But C δ is homomorphically closed so A δ+1 ∈ C δ and we have a contradiction. Corollary 2.5. If R is a product-closed radical class of associative rings, alternative rings, groups, Jordan algebras over a eld of characteristic = 2 or Hausdor topological associative rings, then any Kurosh construction of R as a lower radical class terminates in nitely many steps. This is because in all the indicated cases the Kurosh construction stops either after nitely many steps or at the step corresponding to the rst innite ordinal. See [33] , pp. 38, 48, 30, 55, 57 . Only in the case of associative rings is it known that innitely steps may be necessary (Heinicke [45] ; see also [38] , p.64).
It should be noted that no conclusion can be reached about a radical class simply because it has no innite construction as a lower radical class. Note also that if a class is product-closed its lower radical class need not be.
We end this section with a [53] that products of hereditarily idempotent rings are hereditarily idempotent, but this is unclear. A product of innitely many commutative nilpotent rings where there is no bound on the indices is not nil; this takes care of the prime, nil and generalized nil radicals. For each n ∈ Z + there is an idempotent ring R n containing an element r n which is a sum of n products but no fewer. (For an example, see [9] , Lemma 31.) In
is not a sum of products.) 3 Abelian Groups
The rst result dealing with product closure for radical classes of abelian groups (and probably for radical classes in any setting) makes essential use of Hulanicki's theorem [48] that a countable product modulo the sum is algebraically compact (see Section 1).
Example 3.1. A radical class R of abelian groups is closed under countable direct products if and only if R = L(F) for some class F of torsion-free groups.
[25], Theorem 7.2.
Ivanov [50] generalized this by showing that for every radical class R of abelian groups the class of torsion-free groups in R is closed under countable direct products.
For a set S of primes an abelian group G is S − divisible if G = pG for every p ∈ S. The class D S of S-divisible abelian groups is L(Q(S)), where Q(S) is the group of rational numbers whose denominators (in reduced form) are products of powers of primes in S. Are there radical classes which are closed under countable, but not arbitrary products? From the proof of Theorem 2.4(2) of Dugas and Göbel [19] we get the following. This example is based on rigid systems of abelian groups. A rigid system is a set X of abelian groups such that Hom(A, B) = 0 for all distinct A, B ∈ X and Hom(A, A) is torsion-free of rank 1 for each A ∈ X. There is, for every regular cardinal k, a rigid system X of torsion-free cotorsion-free abelian groups with |X| = k 
The proof in [23] is for torsion-free A λ , but this is not a real limitation and it essentially deals with the restriction of f to subgroups which are direct products of (innite) cyclic groups. For the sake of completeness, and to indicate the style of argument, let us assume the result for the products of innite cyclic groups and use this to prove the general version.
Let a = (a λ ) Λ be in λ∈Λ A λ . Then a ∈ λ∈Λ a λ ⊆ λ∈Λ A λ . Let e λ be an innite cyclic group for each λ ∈ Λ. Then there is a homomorphism g : λ∈Λ e λ → λ∈Λ a λ with g((e λ ) Λ ) = (a λ ) Λ = a and g(e λ ) = a λ for every λ. We then have f g( e λ ) ⊆ f (A λ ) = 0 for all λ so (by what we are assuming) f g is the zero map. Hence f (a) = f g((e λ ) Λ ) = 0. Since a is arbitrary, we conclude that f = 0 as required.
If S is a slender group and Hom(G λ , S) = 0 for each λ ∈ Λ, where |Λ| is non-measurable, then every homomorphism λ∈Λ G λ → G takes each G λ to 0 and so must be the zero map.
The following is now clear.
Example 3.7. The upper radical class dened by a class of slender groups is closed under direct products for which the cardinality of the set of factors is not measurable.
It is not known whether or not there are any measurable cardinals, but if there are they are very large. Again we refer to [52] for information.
A useful characterization of slender abelian groups is due to Nunke [62] : an abelian group is slender if and only if it is torsion-free and has no subgroup isomorphic to Q, Z ω or the p-adic integers for any prime p. This subsumes an earlier result of Sa³iada: a countable torsion-free abelian group is slender if and only if it is reduced. Another possible source of product-closed radical classes of abelian groups is a construction of Nunke [63] which we now describe. Let
be a short exact sequence of abelian groups. For each abelian group G there is an induced homomorphism
If we let r(G) be the image of this homomorphism, we thereby dene a subfunctor r of the identity which commutes with arbitrary direct products. Sometimes this r is a (Kurosh-Amitsur) radical (what abelian category people call an idempotent radical); then the corresponding radical class is product closed.
For instance (with the notation above) for the sequence
We don't actually have any other examples, just as we have no other examples besides the D S of non-trivial radical classes closed under direct products.The problem is to nd middle terms for short exact sequences so that the resulting functor is a radical. There is some information in [31] , but it is not very denitive. It is shown, however that the p-adic integers with the 1-preserving embeddding of Z can't be used in this way. Note that this is not to say that the lower radical class dened by the p-adic integers is not product closed:
this is still an open question. Modern abelian group theory has lots of interactions with set theory; in particular some accepted results depend on which axioms are added to ZFC. A famous example is Shelah's solution to the Whitehead Problem: for which G is Ext(G, Z) = 0? With Gödel's Axiom of Constructibility G must be free, but with Martin's Axiom and 2 ℵ0 > ℵ 1 it need not be [74] . We now note a connection between radical theory and set theory.
We say that a radical class R of abelian groups satises the Cardinality Condition if there is a cardinal number a such that for every abelian group G we have R(G) = {H : H is a subgroup of G, H ∈ R and |H| < a}.
(The notion has been formulated a bit dierently for subfunctors of the identity in general, but for Kurosh-Amitsur radicals the denition coincides with what we have given. There are cardinality conditions in other settings too: for rings we have, e.g., a Subring Cardinality Condition and an Ideal Cardinality Condition, cf. [34] ; it follows from a result of Casacuberta et al. [13] that verbal radicals of groups satisfy the Cardinality Condition for subgroups.)
A subfunctor of the identity (of abelian groups) is denable from a short exact sequence by Nunke's method if and only if it contains the divisible subfunctor, commutes with direct products and satises the Cardinality Condition ( [63] , Theorem 2.2). Since every radical class of abelian groups which contains non-torsion groups must contain all divisible groups [26] it follows that a product closed radical class of abelian groups is denable by a sequence if and only if it satises the Cardinality Condition. (See also [31] , Theorem 2.1 for this special case.) Now Eda [21] has shown that under the Vop¥nka Principle (see [52] ) all subfunctors of the identity satisfy the cardinality condition and hence if they commute with products are dened by short exact sequences. Thus under the Vop¥nka Principle, all product closed radical classes are denable by sequences and so the elusive middle terms are neither more nor less hard to nd than the product closed radical classes of abelian groups.
We end this section by mentioning an idea from abelian groups which is also worth considering in other contexts.
Corner and Göbel [14] dene the norm of a subfunctor of the identity.
Specializing this to Kurosh-Amitsur radicals and transferring it to radical classes, we say the norm of a radical class R is the smallest cardinal number m such that R is not closed under direct products of m factors, or ∞ if there is no such cardinal. Here are some examples for abelian groups.
ℵ 0 : the class of torsion groups. ℵ 1 : L({Q(p), Q(q)}) for distinct primes p, q [35] ; the Chase radical (the upper radical class dened by the class of ℵ 1 -free abelian groups. This was proved by Eda [20] with the Continuum Hypothesis and by Pokutta and Strüngman [68] with ZFC.
∞: D S for a set S of primes.
These, via A-radicals, provide examples for rings, but one might hope for something more interesting there. 4 Abelian -groups
As each class of torsion-free abelian groups denes a lower radical class (in abelian groups) closed under countable products, it seems natural to ask whether there is a variety of multioperator groups in which the underlying groups are torsion-free abelian and in which all radical clases are closed under countable products (cf. also the result of Ivanov [50] cited above). An obvious candidate is the class of abelian -groups, and some encouragement may be obtained from a result of Hager and Madden [43] : in torsion-free abelian groups the classes D S of S-divisible groups are precisely the non-trivial classes closed under products, homomorphic images and pure subgroups, while the non-trivial classes of abelian -groups which are closed under products, homomorphic images and -subgroups are the classes
The D S are the non-trivial radical classes closed under products and pure subgroups (see [24] ) so the D S are the radical classes of abelian -groups which are closed under products and -subgroups.
We shall show, however, that radical classes of abelian -groups need not be closed under countable products. Our counterexample will be the lower radical class L(Q) dened by Q with its standard order. (In abelian groups the lower radical dened by Q is the class of divisible groups.)
i.e. a n ∨ b n = b n for almost all n and a n = b n for innitely many n.
Let [a n ] be < [b n ] and let S = {n : a n ∨ b n = b n } and T = {n : a n = b n }.
Then a n = x E n ≤ b n for all n ∈ S \ E and a n < x
ℵ0 innite subsets, and if E and F are two such then
Since E, F ⊆ S ∩ T we have a n = b n for all n ∈ E or F , it follows that x E n = x F n for almost all n if and only if E \ F and F \ E are nite, i.e. E F is nite.
Let σ be the relation on S dened as follows.
EσF if and only if E F is nite.
(Here denotes the symmetric dierence.) Clearly σ is reexive and symmetric. If EσF and F σG, then
and this is nite. Thus σ is an equivalence relation.
The equivalence class 
Groups
A nice result of Shmel'kin [75] tells us that all semi-simple classes of groups are closed under free products. Free products are coproducts, so it is another indication of the lack of duality in radical theory (cf. [37] ) that there are radical classes of groups which are not product closed.
We have a characterization, due to Göbel [41] , of strict radical classes of groups which are closed under countable direct products. Interestingly, this result was obtained not from a radical-theoretic investigation but from the study of E − perf ect groups for a class E: those groups without nontrivial images in E.
(When E is the class of abelian groups we get the more established notion of perfect groups.) If E is a strongly hereditary class, the E-perfect groups form a strict radical class, but in general they need not form a radical class: for example if p is a prime, then the cyclic group Z(p) is {Z(p ∞ )}-perfect, but any radical class containing Z(p) also contains Z(p ∞ ).
The characterization involves the non-abelian version of slender groups and a related class, similarly connected with cotorsion-free abelian groups.
A group G is slender if it is torsion-free and every homomorphism Z ω → G takes almost all components to the identity of G. (i) G is slender.
(ii) If {F λ : λ ∈ Λ} is a set of groups and |Λ| is not measurable, then for every homomorphism f : λ∈Λ F λ → G, (a) f takes almost all F λ to the identity of G; (b) f is the trivial map if (and only if) it takes every F λ to the identity of G.
(iii) All abelian subgroups of G are slender. (i) All abelian subgroups of G are stout.
(ii) All abelian subgroups of G are cotorsion-free.
(iii) If {F λ : λ ∈ Λ} is a set of groups with |Λ| = ℵ 0 and all homomorphisms F λ → G are trivial, for all λ, then all homomorphisms λ∈Λ F λ → G are trivial. [41] , Theorem 4.1. The stout groups are torsion-free and have no subgroups isomorphic to Q or any p-adic integers. They dier from the slender groups in allowing subgroups isomorphic to Z ω . Clearly slender groups are stout (which makes the terminology rather unsuggestive).
The upper radical class U (E) dened by a strongly hereditary class of groups is strict, i.e. in any group the radical contains all radical subgroups. Conse-
is closed under countable products, then there can be no non-trivial homomorphisms from (Y * Y ) ω to any group in E (as the latter is strongly hereditary). Choosing |Y | > 2 (which clearly is not dicult) we see that E consists of stout groups (unless, of course, it consists of all groups).
It turns out that the converse is also true. An important step in the proof
ω can be mapped onto every nite cyclic group (see [40] , Satz 4.2) which in turn relies on a theorem of Rhemtulla [70] concerning bounded expressibility in free products. All the groups of p-adic integers are also homomorphic images of (Y * Y ) ω for Y as above (see [41] , Lemma 3.1). Here is the result. Recall that a (necessarily strict) radical class of abelian groups is closed under countable direct products if and only if it is the lower radical class dened by a class of torsion-free groups. It is interesting to compare this result with the one just stated. A radical class of abelian groups which is the lower radical class dened by torsion-free groups need not be determined by torsion-free groups (and a fortiori not by cotorsion-free ones) as an upper
in any semi-simple class dened by torsion-free groups. On the other hand, stout means cotorsion-free for abelian groups and by Hulanicki's theorem we have the following. Example 5.4. In abelian groups, the upper radical class dened by a class of cotorsion-free groups is closed under countable direct products.
Whether or not a radical class (strict or otherwise) of groups need be closed under countable products if it is determined as a lower radical class by torsion-free groups appears to be unknown. Example 5.5. The class of groups without subgroups of nite index is a strict radical class which is not closed under countable products.
As this class is the upper radical class dened by all nite groups, this follows from Example 5.3. The result was recently proved by Gismatullin and Muranov [39] who also used the theorem of Rhemtulla referred to above.
Let S be a class of slender groups. If G λ ∈ U (S) for all λ ∈ Λ and |Λ| is non-measurable, let f : λ∈Λ G λ → H ∈ S be a homomorphism with accessible image. Then for each λ the restriction of f to G λ has accessible image and so (G λ being in U (S)) is trivial. But then so is f . We conclude that λ∈Λ G λ ∈ U (S). Thus we have Theorem 5.6. The upper radical class dened by every class of slender groups is closed under non-measurable products.
We now present a few illustrations.
Example 5.7. Let F denote the class of free groups and the one element group. This is strongly hereditary and its only abelian members are cyclic.
Hence F consists of slender groups, so U (F) is closed under non-measurable products.
Example 5.8. For a cardinal number a let F a (resp. F a ) be the class of free groups with rank > a (resp. ≥ a). If N F ∈ F a or F a then |N | = 1 or N is free, and in the latter case N has rank at least as great as that of F . (See [75] .) Thus F a and F a are hereditary and both U (F a ) and U (F a ) are closed under non-measurable products.
Example 5.9. Each free group can be embedded in a group in which all elements apart from the identity are conjugates, by a construction of Higman, Neumann and Neumann [47] . The containing group is clearly simple. Moreover, the subgroups of the containing group are slender so their upper radical class is closed under non-measurable direct products.
This example is discussed in [41] , Theorem 5.2.
Example 5.10. Let S be a slender simple group (for example the group containing the free group in the previous example). Then U (S) is closed under non-measurable products.
Note that the radical classes in Examples 5.8 and 5.10 are not strict.
6
Associative rings and slenderness By using A-radicals we can obtain examples of radical classes of associative rings satisfying various properties product closure, closure under countable but not arbitrary products and so on from radical classes of abelian groups with these properties. In particular we have.
Example 6.1. If R is a radical class of abelian groups which is the upper radical class dened by a class of slender groups, then the corresponding Aradical class of associative rings is closed under non-measurable products.
We can do a bit better in this case though.
Proposition 6.2. Let C be a class of associative rings whose additive groups are slender. Then U (C) is closed under non-measurable products.
Proof. Let A be in C, R λ ∈ U (C) for all λ ∈ Λ where |Λ| is non-measurable. Let f : λ∈Λ R Λ → A be a homomorphism with accessible image. Then λ∈Λ R λ ∈ U (C) and f | λ∈Λ R λ has accessible image and so is zero. On purely additive grounds we conclude that f = 0, whence it follows that λ∈Λ R λ ∈ U (C).
Example 6.3.
U (Z) is a strict special radical class closed under non-measurable products.
Example 6.4. U (Z 0 ) is closed under non-measurable products and consists of idempotent rings. Here Z 0 is the zeroring on Z.
Example 6.5. Let 2Q (2) = { m n : m, n ∈ Z&2|m&2 n}. Then U (2Q (2) ) is special and closed under non-measurable products. Hence U (2Q (2) ) ∩ J is special, closed under non-measurable products and properly contained in J.
In [36] we have presented a version of slenderness for rings. A torsionfree ring R is slender if for every ring homomorphisn f :
ω is the identity of the ith copy of Z.
The involvement of the ring of integers makes this version of slenderness less applicable to radical theory than the original or the group version. For this and other reasons it might be interesting to study another version in which the role of Z is taken by a free ring. Nevertheless we do have one result based on the given notion of slenderness for rings. Proposition 6.6. If S is a slender simple associative ring with identity and characteristic 0, then U (S) is closed under non-measurable products.
Proof. Let R λ be in U (S) for each λ ∈ Λ where |Λ| is non-measurable. Let R 1 λ = R if R has an identity and the standard unital extension otherwise. Then Z ∈ U (S) so each R 
Example 6.7. Both Q and R are slender (see [36] ; the result there relies on [11] ), but C, M 2 (R) and M 2 (Q) are not.
We do not know how U (M 2 (R)) or U (M 2 (Q)) fare with respect to products, but since C is an ultraproduct of the algebraic closures of the elds Z p (see, e.g., [73] ), we do have the following. Proposition 6.8. U (C) is not closed under countable products.
Things are dierent for associative algebras over a eld. Using a result of Bergman and Nahlus ( [9] , Theorem 11) we get Example 6.9. If M is a class of idempotent simple algebras of countable dimension over an innite eld K and if K is non-measurable, then in any variety of K-algebras containing M, U (M) is closed under non-measurable products.
For some variations, see Theorem 9 of [10] .
7
Ring results related to regularity Let ρ, σ be integer polynomial functions dened on a ring R with values in a unital extension. Then R is said to be (ρ; σ)-regular if for each a ∈ R there exists an element b ∈ R such that a = ρ(a)bσ(a). For every ρ, σ, the class R ρσ of (ρ; σ)-regular rings is a radical class. The idea seems to be due to McKnight and is studied in [42] , [58] , [59] , [60] . In these papers the polynomial functions
Thus we have Example 7.1. The radical class R ρσ is closed under products for every ρ, σ.
Examples of radical classes R ρσ include • the regular rings (ρ(x) = x = σ(x)) [12] ;
• the quasiregular rings (ρ(x) = x + 1, σ(x) = 1);
• the D-regular rings (ρ(x) = 1, σ(x) = x) [16] ;
• the strongly regular rings (ρ(x) = x 2 , σ(x) = 1) [76] .
(The references are to papers where the concept was introduced or rst recognized as dening a radical class.)
A rather degenerate example, but which we shall discuss again later, is obtained when for some n ∈ Z we take ρ(x) = n, σ(x) = 1. In this case R ρσ = D * S , the class of S-divisible rings, where S is the set of prime divisors of n.
The class of strongly regular rings is a variety of type 2, 2, 0, 1, 1 where as well as the ring operations we have a unary operation , and the identities
The class of regular rings is not a variety, e.g.
because it is not closed under equalizers [69] . Nevertheless, if R is a regular ring and a ∈ R then there is an element a ∈ R such that a = aa a and a = a aa . (Note that if a = aba it doesn't follow that b = bab, but if we take c = bab, we get a = aca and c = cac.) Although a is not uniquely determined by a, if one chooses an a for each a, there results a unary operation satisfying the identities x ≈ xx x and x ≈ x xx . A procedure like this was rst used by
Hall [44] and Ka¤ourek and Szendrei [54] in regular semigroups. For regular rings it has been used by Herrmann and Semenova [46] .
An e-variety of regular rings is a non-empty class closed under products, homomorphic images and regular subrings. This is equivalent to being a variety V of regular rings with an operation as described with the additional condition that if R is regular and and * dierent allowable operations on R,
Varieties of strongly regular rings, e.g commutative, additively torsion-free (or, equivalently, divisible) and the class of strongly regular rings itself, are e-varieties of regular rings.
For any class K of regular rings, let K be the class of structures
where satises the identities x ≈ xx x, x ≈ x xx . The restriction of the correspondence K → K denes a bijection from e-varieties of regular rings to those varieties of structures with the additional unary operation which satisfy ( †). See [46] for this. Varieties which are closed under extensions are product-closed radical classes, and for associative rings, such varieties consist of regular rings. Our next result generalizes this. Theorem 7.2. Every e-variety of regular rings is a product-closed radical class of associative rings.
Proof. Let V be an e-variety of regular rings. If I A ∈ V then A/I ∈ V. Let {I λ : λ ∈ Λ} be a chain of ideals of a ring with each I λ ∈ V. If x ∈ I λ , x = xx x and x = x xx , then x ∈ I λ . This means that I λ is in the variety V . But then λ∈Λ I λ ∈ V so λ∈Λ I λ ∈ V. It remains to be shown that V is closed under extensions.
If T is regular and subdirectly irreducible with heart H ∈ V, then as T is in the e-variety generated by H ( [46] , Corollary 18), also T ∈ V. Since obviously if a subdirectly irreducible ring is in V then so, being regular, is its heart, we conclude that if T is regular and subdirectly irreducible with heart H, then T is in V if and only if H is in V. ............................. 
....(*)
Now let R be in V and let S be a regular essential extension of R. Then R has ideals J i with J i = 0 and each R/J i subdirectly irreducible (and in V). By regularity, J i S for each i and so S is a subdirect product of the S/J i . For each i let K i be an ideal of S such that K i ∩ R = J i and K i is maximal for this.
(Here
• indicates an essential ideal.) Let H i be the heart of R/J i for each i.
Then H i is regular and simple and therefore isomorphic to an ideal of S/K i . It follows that S/K i is subdirectly irreducible with heart isomorphic to H i . Since R/J i is subdirectly irreducible and in V, it follows from (*) that S/J i ∈ V. Then S is a subdirect product of the S/J i and hence a regular subring of their product, so S ∈ V. This shows that V is closed under regular essential extensions. • The class of regular rings in any variety of associative rings (see also [29] ). Note that this is the same as the class of hereditarily idempotent rings in a variety [4] .
• The torsion-free regular rings.
• The regular rings of characteristic p where p is a xed prime.
• Any variety of strongly regular rings, e.g. all strongly regular rings, the torsion-free ones, those of characteristic p and the semi-simple-radical classes.
For n ∈ Z + let R n denote the class of regular rings in which a n = 0 for every nilpotent element a (so R 1 is the class of strongly regular rings). By Theorem 1.6 of [30] • R n is an e-variety of regular rings for every n.
By [30] , Theorem 4.4, every product closed radical class of regular rings with all primitive homomorphic images artinian is contained in some R n . On the other hand, by [46] , Corollary 17, every e-variety of regular rings is generated as an e-variety by its artinian members.
Let us note that the class of torsion regular rings is a radical class closed under regular subrings, but not products.
The class of regular rings, being hereditary and homomorphically closed, can serve as a universal class for radical theory. It is well known (proved in [5] ) that when a hereditary radical class is used as a universal class, all its radical classes remain so when viewed in the ambient universal class. The same cannot be said for semi-simple classes: in regular rings the class of torsion-free regular rings is the semi-simple class for the torsion regular rings. It is not a semisimple class of associative rings, however; e.g. for a eld K of characteristic 0, K[X] is a subdirect product of copies of K.
Modules
In this section, all rings have identities and module means unital left module; M od(R) denotes the category of R-modules.
The hereditary product-closed radical classes of modules over a ring R are the classes V I = {M : IM = 0} for idempotent ideals I of R, as proved by Jans [51] , and are of course varieties and thus semi-simple radical classes (and generally called TTF-classes). For hereditary and splitting properties of the two radicals associated with an idempotent ideal, see Azumaya [6] , Nicolás and Saorín [61] .
For hereditary radical classes we have the following oft-proved result [1] , [18] , [27] , [71] . Example 8.1. If R is right perfect then there are only nitely many hereditary radical classes, each is closed under products and (apart from {0}) each is the lower radical class dened by a set of simple modules.
The converse of this result is false, as was proved by Dlab [18] . We'll now show this, but using a more convenient (and, for radical-theorists, more familiar) ring.
Let A be an algebra over a eld K with a basis {e a : a ∈ [0, 1]} with multiplication given by
(Thus A is obtained from the Zassenhaus algebra by the adjunction of an identity e 0 and an annihilating basis element e 1 ). Let J be the subspace spanned by {e a : a > 0}. Then J is nil and A/J ∼ = K so J = J(A). If j ∈ J and α ∈ K \ {0} let ∈ J be such that α −1 j • = 0. Then (αe 0 + j)(α −1 e 0 + α −1 ) = e 0 + • α −1 j = e 0 so αe 0 + j is a unit. (Here • is the circle operation used in the denition of quasiregularity.) Hence all proper ideals are contained in J. If I A and I J then I is nilpotent [17] . Let Φ be an idempotent topologizing lter of ideals of A, R the corresponding hereditary radical class of A-modules. If I ∈ Φ then A/I ∈ R. Also for each i ∈ I we have I(i + I
2 ) = 0 so (0 : i + I 2 ) ⊇ I ∈ Φ and it follows that I/I 2 ∈ R. Now (A/I 2 )/(I/I 2 ) ∼ = A/I ∈ R, so A/I 2 ∈ R and thus I 2 ∈ Φ. In the same way Φ contains I 4 , I 8 , . . . , so if I is nilpotent we have 0 ∈ Φ and thus R = M od(A). If Φ contains no nilpotent ideals then Φ = {J, A} or {A} and only the former is of interest. In this case, as J is idempotent, R = {M : JM = 0}. • If an integral domain R has innitely many maximal ideals and every innite set of maximal ideals has zero intersection, then R is a slender R-module. In particular a Dedekind domain A with innitely many prime ideals is a slender A-module [2] , [3] ; see also [56] .
• Polynomial rings are slender as modules. [65] • If R is a slender R-module, then M n (R) is a slender M n (R)-module for each n. [65] We don't know anything about a converse to Corollary 8.5, but the ring I p of p-adic integers is not slender (cf. [65] , Proposition 2.4) and its upper radical class is not closed under non-measurable products.
Example 8.7. In M od(I p ), U (I p ) is not closed under countable products.
Proof. Every non-zero torsion-free reduced I p -module has a direct summand isomorphic to I p . (See, e.g. [55] , p.53.) Hence U (I p ) is the class of extensions of torsion modules by divisible torsion-free modules. Let M = n∈Z + I p /p n I p and let a n be a generator of I p /p n I p for each n. If (a n ) − p(r n a n ) were in the torsion submodule T of M for some r n ∈ I p there would be a non-zero s ∈ I p for which s((a n ) − p(r n a n )) = 0 and thus (s − spr n )a n = 0 for each n. But then we'd have p n |s(1 − pr n ) for all n. But s = tp k for some unit t and some k, so this would require p n |tp k (1 − pr n ) for all n and thus p n−k |(1 − pr n ) for all n > k. This is impossible. Hence there exists no such (r n a n ) so (a n ) + T has zero p-height in M/T which is therefore not divisible and so has a non-zero torsion-free reduced homomorphic image. Hence I p is a homomorphic image of M/T so M / ∈ U (I p ).
Essential Extensions
It was shown by Loi [57] that every essentially closed radical class of associative rings is closed under products and is strongly hereditary and thus is a variety and a semi-simple class. The non-trivial semi-simple radical classes dene upper radical classes which are special and hence hereditary so these radical semi-simple classes are essentially closed. Thus we have Example 9.1. A radical class of associative rings is essentially closed if and only if it is a variety.
For arbitrary non-associative rings Loi's proof works equally well: an essentially closed radical class is a variety. There are no semi-simple radical classes here [28] and probably no radical classes which are varieties. It's not clear which other classes of rings satisfy Loi's theorem: the proof only extends to classes in which (i) every ring has a unital essential extension and (ii) a certain construction is possible. However Veldsman [77] has obtained some results for nearrings. Example 9.2. If R is an essentially closed radical class of nearrings such that all members of R are zero-symmetric and each N ∈ R can be embedded in a zero-symmetric nearring with zero annihilator, then R is a variety.
(Cf. [77] , 17. Theorem.) Being essentially closed is thus a very restrictive condition for radical classes in some settings. On the other hand for modules there is nothing really dramatic about it; for instance all radical classes of abelian groups are essentially closed.
Note also that semi-simple radical classes need not be essentially closed.
Let R be a ring with identity. If R is a semi-simple radical class of R-modules then R = {M : IM = 0} for some idempotent ideal I of R. A result of Azumaya ([6] , Theorem 6), says that R is essentially closed if and only if R/I is a at right R-module.
We examine essentially closed radical classes in one more case: groups. Here there are no non-trivial varieties which are radical classes. It turns out that there are no non-trivial essentially closed radical classes either. Lemma 9.3. If G is a group and H G, its centralizer C(H) is also a normal subgroup.
Proof. If k ∈ C(H) and a ∈ G, then for all h ∈ H we have (aka
Let A, B be groups, ϕ : B → Aut(A) a homomorphism. Let A ϕ B denote the associated semidirect product, and identify A with its natural copy in the group A ϕ B. If (a, b) ∈ C(A) then for all x ∈ A we have (a, b)(x, e) = (aϕ(b)(x), b) and (x, e)(a, b) = (xϕ(e)(a), b) so aϕ(b)(x) = xa and thus ϕ(b)( Proof. Let R be an essentially closed radical class of groups containing a group A with at least two elements. For every group B we have A (B) ∈ R and A (B) • A B so R contains A B and hence also B.
Thus, vacuously, we have a result analogous to Loi's theorem.
Example 9.6. A radical class of groups is essentially closed if and only if it is a variety.
Inverse limits
If Γ is a directed index set, {A γ : γ ∈ Γ} a set of rings or groups or modules and so on, and whenever γ ≥ δ there is a homomorphism π γ δ : A γ → A δ such that π γ γ is the identity homomorphism for every γ and π δ • π γ δ = π γ whenever γ ≥ δ ≥ , the inverse limit lim ← A γ of this system is {(a γ ) Γ ∈ A γ : π γ δ (a γ ) = a δ whenever γ ≥ δ}. Alternatively lim ← A γ is a solution to a universal mapping problem: for each δ ∈ Γ there is a homomorphism π δ : lim ← A γ → A δ (namely the projection) such that π γ δ • π γ = π δ whenever γ ≥ δ and lim ← A γ is universal for this. Adopting the latter point of view we can show that if λ∈Λ A λ is a direct product, Γ is the set of nite subsets of Λ, ordered by inclusion and for E ⊆ F , π F E is the obvious projection, then lim ← λ∈F A λ ∼ = λ∈Λ A λ . (See, e.g., [23] , Vol. 1, p.62.)
In this case, each π F E is surjective. We shall call an inverse limit arising from a system of surjective homomorphisms a surjective inverse limit. From the above we see that If a radical class is closed under surjective inverse limits then it is closed under products.
(Inverse limits in general include, among other things, intersections of subobjects, which have little connection with our subject.)
Inverse limits of countable surjective inverse systems of regular rings are regular [66] , Proposition 1.1. Hence, as an inverse limit of regular rings is a subring of a direct product of regular rings, every e-variety of regular rings is closed under such inverse limits. 
Q(p)
ω : x n ∈ Z for almost all n}. Clearly this is not p-divisible. Taking zerorings we get the result for rings.
Some Problems Concerning Smallest Radical Classes
It is clear that an intersection of product closed radical classes is a product closed radical class, so each class M is contained in a smallest product closed radical class which we'll call L (M). Nothing seems to be known about this: there don't even seem to be any known non-trivial examples of classes L (M).
Here are some problems which seem worthy of attention.
Find a construction for L (M).
2. What is L (M) (in asociative rings or elsewhere) when M is the class of zerorings?
